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Output Feedback Variable Structure Adaptive Control
of an Aeroelastic System

Yueming Zeng¤ and Sahjendra N. Singh†

University of Nevada, Las Vegas, Las Vegas, Nevada 89154-4026

The question of control of a class of aeroelastic systems with structural nonlinearities based on the variable
structure model reference adaptivecontrol theory is treated. It is assumed that the system parameters are unknown
and unmodeled nonlinear functions are present in the model. Control laws for the trajectory control of pitch angle
and plunge displacement are derived. For the synthesis of controllers, only measured output variable (pitch angle
or plungedisplacement) is used for feedback. The feedback loop includes two relays, whose outputsare functionsof
certain auxiliary error signals. Modulationfunctions of the relays are generated on-line using bounds on uncertain
functions and signals derived from the input and output of the system. Digital simulationresults are presented that
show that in the closed-loop system with only output feedback, pitch angle, and plunge displacement are smoothly
regulated to zero in spite of the uncertainty and unmodeled functions in the system.

Nomenclature
A; b0; Ac; bc; = system matrices
Nb0; H; F; g
a = nondimensionalizeddistance from the

midchord to the elastic axis
b = semichord of the wing
ch = structural damping coef� cient in plunge

due to viscous damping
cl® ; cm® ; cl¯ ; cm¯

= lift, moment, and control coef� cients
c® = structural damping coef� cient in pitch

due to viscous damping
e; e0; e0

i ; ya = error signals
f0; f1 = modulation functions
f .®/; fc.®/ = nonlinear functions
h = plunge displacement
I® = mass moment of inertia of the wing about

the elastic axis
kh = structural spring constant in plunge
k® = structural spring constant in pitch
k®.®/ = nonlinear stiffness
m = mass
r = input
U = freestream velocity
Wm ; L1; G p ; Gd = transfer functions
x; X = state vectors
x® = nondimensionalizeddistance measured

from the elastic axis to the center of mass
Z p; Rp; Zm; Rm = polynomials in Laplace variable s
® = pitch angle
¯ = � ap de� ection
µ; c0; k; µ!1 ; µ!2 ; = parameters
µy ; µi j ; µ jnom

½ = density of air
!1; !2; !3; Âi ; »i = � ltered signals

Introduction

A EROELASTIC systems exhibit a variety of phenomena in-
cluding instability, limit cycle oscillations, and even chaotic

vibrations.1¡3 Flutter is an oscillatory aeroelastic instability caused
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by unsteady aerodynamic loads.1;2 Active control of aeroelastic
systems is a problem of considerable interest. For � utter suppres-
sion, feedbackcontrollaws havebeendevelopedby researchers.4¡10

Piezoelectric actuation has been considered for � utter control in
Refs. 10 and 11. In these studies, linear control theory has been
used for the design of controllers. Based on a linear determinis-
tic autoregressivemoving average aeroservoelasticmodel, a digital
adaptivecontroller for active � utter suppressionhas been derived in
Ref. 12. Because the linear design is often not adequate,researchers
have focused their attentionon nonlinearaeroelasticmodels and de-
veloped control systems.13¡15 Although nonlinearities arising from
control saturation, free play, hysteresis, structural stiffness, and sta-
bility derivatives are encountered in aeroelastic systems, nonlinear
structural stiffness may play a dominant role in causing the onset of
� utter.

Recently, experimental results have been obtained using an
aeroelastic apparatus that permits a prescribed nonlinear structural
stiffness.15 In a seriesof interestingpapers,Ko et al. haveconsidered
control of this aeroelastic system based on feedback linearization
theory16 and adaptive control technique.17 The inverse controller
design requires complete knowledge of the system parameters, and
adaptive control law design requires knowledge of the structure of
the nonlinear functions.16;17 Furthermore, for the synthesis of con-
trollers in Refs. 16 and 17, it is assumed that all of the state variables
are available for feedback. Certainly, it is desirable to relax these
stringentrequirementsfor the design of aeroelasticcontrol systems.

The contributionof this paper lies in the developmentof new con-
trol systems for the control of a nonlinear aeroelastic system based
on variable structure model reference adaptive control (VSMRAC)
theory.18¡20 It is assumed that the system has uncertain parameters,
and moreover, the structure of the nonlinear functions in the model
is unknown. Control systems for the trajectory control of plunge
and pitch motion, using a trailing-edge � ap, are designed. For the
synthesis of these controllers, only the output variable (pitch angle
or plunge displacement) for feedback is used. In the closed-loop
system, the output variable (pitch angle or plunge displacement)
asymptoticallytracks the referencetrajectoryand convergesto zero.
It is noted that, unlike the customary adaptive schemes,21 parame-
ter divergence cannot occur in the closed-loop system because the
control laws derived here do not use integral type adaptation laws.

It is pointedout that a VSMRAC system for the wing-rockcontrol
of a second-order model of slender delta wings has been recently
designed.22 However, the fourth-order aeroelastic system differs
from thedeltawing model in an importantway as the aeroelasticsys-
tem has zero dynamics of dimension two, but the delta wing model
has no zero dynamics. It is well known in a qualitative sense that
output trajectory control of systems that have exponentially stable
zero dynamics is possible with internal stability in the closed-loop
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system. However, for a successfulapplicationof the VSMRAC the-
ory to aeroelastic systems with unknown dynamics, it is necessary
to examine the transient behavior of the zero dynamics. Zero dy-
namics have signi� cant effect on the convergence property of the
state vector to its equilibrium value and the control input.

Aeroelastic Model
The prototypicalaeroelasticwing section is shown in Fig. 1. The

governing equations of motion are provided in Ref. 16 as

m mx®b

mx®b I®

Rh
R®

C
ch 0

0 c®

Ph
P®

C
kh 0

0 k®.®/

h

®
D

¡L

M
(1)

where h is the plunge displacement and ® is the pitch angle. In
Eq. (1), M and L are the aerodynamiclift and moment. It is assumed
that the quasisteadyaerodynamic force and moment are of the form

L D ½U 2bcl® ® C .Ph=U / C 1
2

¡ a b. P®=U / C ½U 2bcl¯ ¯

(2)
M D ½U 2b2cm® ® C .Ph=U / C 1

2
¡ a b. P®=U / C ½U 2b2cm¯

¯

The nonlinear stiffness k® .®/ is such that

®k®.®/ D ®k®0 ¡ kn® .®/

where k®0 is a constant and kn®
.®/ is the nonlinear part of ®k® .

It is pointed out that although a rudimentary form of Eq. (1) is
considered here, the VSMRAC theory is applicable to models with
complex time-dependentnonlinearities and disturbance inputs. We
shall be interested in the trajectories of Eq. (1) in a bounded region
Ä ½ R4 surrounding the origin.

Consider a reference trajectory ym that represents either a pre-
scribed pitch angle trajectory ®m for pitch angle control or a plunge
displacement trajectory hm for plunge motion control. Appropriate
reference trajectory is generated by a second-order command gen-
erator. We are interested in derivingcontrol systems so that ® tracks
®m or h tracks hm asymptotically, and in the closed-loop system
the state vector .h; ®; Ph; P®/T converges to zero as t ! 1. Here T
denotes transposition.

Fig. 1 Aeroelastic model.

VSMRAC Law
Input–Output Representations

The system described by Eq. (1) may be written as

D.s/

³
h

®

´
D

³
¡cl¯

bcm¯

´
½bU 2¯ C

³
0

1

´
kn® .®/ (3)

where s is the Laplace variable or the differential operator and the
elements of the matrix D are

d11 D ms2 C ch C ½Ubcl® s C kh

d12 D mx®bs2 C ½Ub2cl® .0:5 ¡ a/s C ½U 2bcl®

(4)
d21 D mx®bs2 ¡ ½U b2cm®

s

d22 D I®s2 C c® ¡ ½Ub3cm® .0:5 ¡ a/ s C k®0 ¡ ½U 2b2cm®

Solving Eq. (3) for ® and h gives

h D ¡ d22.s/cl¯ C d12.s/bcm¯
1¡1.s/½bU 2¯

¡ d12.s/1¡1.s/kn®
.®/

(5)
® D d21.s/cl¯ C d11.s/bcm¯

1¡1.s/½bU 2¯

C d11.s/1¡1.s/kn® .®/

where 1.s/ D d11d22 ¡ d12d21. These input–output representations
for h and ® are useful for the design of controllers.

Pitch Angle Control
First, we shall consider control system design for the pitch angle

control. The input ¯–output ® representationobtained from Eq. (5)
is written as

® D G p1 .s/ ¯ C Gd1 .s/kn® .®/ (6)

where the transfer functions G p1 and Gd1 are given by

G p1 D m x®cl¯ C cm¯
s2 C cm¯

ch C ½Ubcl® ¡ ½Ubcm®
cl¯ s

C khcm¯
½b2U 2 m I® ¡ mb2x2

® Rp
¡1

(7)4D kp1

Z p.s/

Rp.s/

Gd1 D
d11.s/1¡1.s/Rp.s/

kp1 Z p.s/

Here Z p.s/ and R p.s/ are monic polynomials given by

Z p.s/ D s2 C k1s C k0s

and

Rp.s/ D .d11.s/d22.s/ ¡ d12.s/d21.s// m I® ¡ mb2x2
®

¡1

where

kp1 D
x®cl¯ C cm¯

½b2U 2

I® ¡ mb2x2
®

k1 D
cm¯

ch C ½U bcl® ¡ ½Ubcm®
cl¯

kd

k0 D
khcm¯

kd

kd D m x® cl¯ C cm¯
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Because k p1 can be positive or negative, it will be convenient to
de� ne

¯ D sgn k p1 u (8)

where u is a new input. Then Eq. (6) gives

® D G p.s/ u C Gd.s/kn®
.®/

4D G p.s/[u C f .®/] (9)

where G p.s/ D kp [Z p.s/=Rp.s/], kp D jkp1 j > 0, Gd.s/ D
sgn.kp1 /Gd1 .s/, and f .®/ D Gd.s/kn® .®/.

Consider a reference model having input r and output ®m of the
form

®m D Wm .s/r

where

Wm D km
Zm.s/

Rm.s/
D

km

s2 C pm1 s C pm0

(10)

with Zm D 1. The polynomial Rm .s/ is assumed to be Hurwitz. A
polynomial is said to be Hurwitz if its roots have a negative real
part.

For the derivation of the VSMRAC, both the aeroelastic model
and the reference model are assumed to satisfy the following
conditions: 1) the monic polynomial Z p.s/ of degree 2 is Hur-
witz; 2) the sign of kp1 is known; 3) the relative degree n¤ D
deg.Rp/ ¡ deg.Z p/ D deg.Rm / ¡ deg.Zm / D 2; and 4) sgn.kp/ D
sgn.km /.

Condition1 implies that G p.s/ is a minimum-phasetransfer func-
tion. This restrictionon Z p.s/ is essentialfor trajectorycontroleven
in nonadaptive control systems design.16 The sign of kp1 in condi-
tion 2 can be determined using a nominal model. Conditions 2 and
3 are easily satis� ed by the choice of the referencemodel. The roots
of Z p.s/ D 0 depend on the parameters of the system. The polyno-
mial Z p.s/ is Hurwitz if and only if k0 and k1 are positive. Because
cm¯

< 0, polynomial Z p.s/ is Hurwitz if and only if

kd D m x® cl¯ C cm¯
< 0

(11)
cm¯

ch C ½Ubcl® ¡ ½Ubcm®
cl¯ < 0

It is noted that a 2 .¡1; 0/. For the parameters given in Table 1, the
� rst inequalityin Eq. (11) is satis� ed if x® < ¡cm¯

=cl¯ which implies
that a > ¡0:542. For these values of a, the second inequality holds
for all values of U . We assume that the parametersof the model and
the location of the elastic axis are such that these two conditions
are satis� ed, and therefore G p.s/ is minimum phase. Note that k p1

is negativebecausekd < 0 and themoment of inertia.I® ¡ mb2x2
® / is

positive.This implies that¯ D ¡u. Under the assumptionthat G p.s/
has stablezeros, it follows from Eq. (7) that Gd .s/ is a stable transfer
function,and it also follows from Eq. (7) that for a boundedfunction
®.t/, function f .®/ is a bounded function.

Table 1 System parameters

Parameter Value

b 0.135 m
kh 2844.4 N/m
ch 27.43 Ns/m
c® 0.036 Ns
½ 1.225 kg/m3

cl® 6.28
cl¯ 3.358
cm®

(0.5 C a) cl®
cm¯

¡0.635
m 12.387 kg
I® 0.065 kgm2

x® [0.0873 ¡.b C ab/]=b

Consider a controllable and observable representation of Eq. (9)
as given by

Px D Ax C b.u C f .®//; ® D Hx (12)

where G p.s/ D H .s I ¡ A/¡1b. It is noted that the knowledge of
matrices A; b, and H is not essential for the design of the controller.

For the synthesis of the pitch angle controller, we introduce the
following � lters:

P!1 D F!1 C gu; P!2 D F!2 C g® (13)

where !1; !2 2 R3; g 2 R3,

F D

&$¡¸2 ¡¸1 ¡¸0

1 0 0

0 1 0

’%
; g D

&$1

0

0

’%
(14)

and ¸i are the coef� cients of

3.s/ D det.s I ¡ F/ D s3 C ¸2s
2 C ¸1s C ¸0 (15)

De� ne ! D [!T
1 ; ®; !T

2 ; r]T 2 R8.
For f .®/ D 0, there exists a unique constant vector µ¤ D

[µ¤T
!1

; µ¤
y ; µ¤T

!2
; c¤

0 ]T 2 R8 with µ¤
!1

2 R3 and µ¤
!2

2 sR3 such that
the transfer function of the closed-loop system with u D µ¤ T !
matches Wm .s/ exactly; i.e.,

® D G p.s/u D G p.s/µ¤ T ! D Wm.s/r (16)

The parameter vector µ¤ satisfying Eq. (16) is obtained by
solving23

µ¤T
!1

°.s/Rp.s/ C kp µ¤T
!2

°.s/ C µ ¤
y 3.s/ Z p.s/

D 3.s/[Rp.s/ ¡ Z p.s/Rm.s/] (17)

c¤
0 D km =kp

4D .·¤/¡1

where °.s/ D [s2; s; 1]T .
The adaptive controller, which is to be presented here, has many

similarities with the controller designed in Ref. 22. Therefore, only
the essential steps in the control design are given. For the derivation
of the control law, one has to obtain a representationof the tracking
error e0 in suitable form. De� ning X D .xT ; !T

1 ; !T
2 /T 2 R10 , the

system described by Eqs. (12) and (13) can be written as

PX D A0X C b0u C Nb0 f; ® D HcX (18)

where

A0 D

&$ A 0 0

0 F 0

ghT 0 F

’%
; b0 D

&$b

g

0

’%

Nb0 D

&$b

0

0

’%
; Hc D [H; 0]

De� ne

!1

®

!2

D

&$ 0 E 0

H 0 0

0 0 E

’%
X

4D NX

Now using Qu D u ¡ u¤ D u ¡ µ¤T
! in Eq. (18) gives

PX D AcX C bc·
¤ Qu C bcr C Nb0 f; ® D HcX (19)

where Ac D A0 C b0[µ¤T
!1

; µ¤
y ; µ¤T

!2
]N and bc D c¤

0b0 . For u D u¤

and f D 0, one has

Wm D Hc.sI ¡ Ac/
¡1bc (20)
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Therefore, the output of Eq. (19) takes the form

® D Wm .s/r C ·¤Wm .s/ Qu C fc.z/ (21)

where

fc.®/ D NWm.s/ f .®/; NWm .s/ D Hc.s I ¡ Ac/
¡1 Nb0 (22)

Because NWm .s/ is a stable operator, f .®/ is bounded whenever ® is
a bounded function.

In view of Eq. (20), a nonminimal realization of the reference
model is

PXm D AcXm C bcr; ®m D HcXm (23)

where Xm 2 R10.
Let the state vector error be e D X ¡ Xm . Subtracting Eq. (23)

from Eq. (19) gives the error equation

Pe D Ace C bc·
¤ Qu C Nb0 f; e0 D Hce (24)

where the pitch angle tracking error is e0 D ® ¡ ®m . Using Eq. (24),
the output tracking error can be written as

e0 D · ¤Wm.s/ Qu C fc.®/ (25)

Equation (25) is important for the derivation of the control law.

Table 2 VSMRAC algorithm

Variable De� nition

Auxiliary errors
ya D ·nomWm L1 u0 ¡ L¡1

1 u1

e0 D ® ¡ ®m
e0

0 D e0 ¡ ya

e0
1 D .u0/eq ¡ L¡1

1 .u1/

Modulation functions

f0 ¸ N· Â0 ¡ µT
nom»0 C

X8
j D 1

Nµ0 j »0 j C Ng0 C ²0

f1 ¸
X8

j D 1
Nµ1 j »1 j C Ng1 C ²1

Control law
ui D fi sgn.e0

i /
i D 0; 1

u D ¡u1 C unom D sgn kp1 ¯

unom D µT
nom!

Fig. 2 Closed-loop system.

For the synthesis of the controller, it is essential to introduce a
chain of auxiliary errors .e0

i /. Because the relative degree n¤ of the
reference model is two, a polynomial L1.s/ of degree .n¤ ¡ 1/ is
chosen so that Wm .s/L1.s/ is strictly positive real. We select L1.s/
of the form

L1.s/ D .s C ¸/=¸

where ¸ is a positive real number.
Now, we introduce the following set of � ltered signals:

Â0 D L¡1
1 Â1; »0 D L¡1

1 »1

where Â1 D u; »1 D !, and »i D .»i1; : : : ; »i8/. These signals
are used to generate a chain of auxiliary error signals e0

i .i D 0; 1/.
Based on the results of Refs. 18–20, the complete algorithm for the
aeroelastic control is given in Table 2.

In Table 2, µnom and ·nom are nominal values of the parameters
µ¤ and · ¤, respectively, obtained from some nominal model of the
plant. Also ²0 > 0; ²1 > 0, and the upper bounds Nµi j (i D 0; 1 and
j D 1; : : : ; 8), N· , and Ngi (i D 0; 1) for ® 2 Ä® ½ Ä are de� ned as

Nµ0 j > ½ µ¤
j ¡ µ jnom ; Nµ1 j > µ¤

j ¡ µ jnom ; N· > j½ ¡ 1j

Ng0 > sup
t ¸ 0

.knomWm L1/¡1 fc D sup
t ¸ 0

.knomWm L1/
¡1 NWm f (26)

Ng1 > sup
t ¸ 0

c¤
0 W¡1

m fc D sup
t ¸ 0

c¤
0W ¡1

m
NWm f

where µ¤
j denotes the j th element of µ¤ and ½ D · ¤=·nom. Note

.knom Wm L1/¡1 NWm and W ¡1
m

NWm are strictly proper and proper stable
transfer functions, respectively, and f is a bounded signal for ® in
a bounded set Ä® . Also, .u0/eq is the equivalent control, which can
be formally obtained by setting Pe0

0.t/ ´ 0 in the dynamical system
governing the error e0

0 . The signal .u0/eq can be approximated from
u0 by means of a low-pass averaging � lter.24 Figure 2 shows the
closed-loop system.

Now considertheVSMRAC law ofTable 2. Then accordingto the
results of Refs. 18–20 for any trajectory evolving in Ä, the closed-
loop system has the following properties: 1) the errors e0

i (i D 0; 1)
all converge to zero in � nite time and 2) the pitch angle tracking
error e0 converges exponentially to zero.

The signals !i , i D 1; 2, are used for computing the modula-
tion functions. Although the control law of Table 2 is discontin-
uous, smooth approximations of the switching functions are used
for the synthesis to avoid control chattering. For this purpose, one
replaces sgn.´/ by sat.´/, where sat.´/ is de� ned as sat.´/ D
sgn.´/ if j.´/j > ±, and sat.´/ D .´=±/ if j.´/j · ±. Here, ± is the
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boundary-layer thickness. The lower bound functions of the mod-
ulation functions fi are obtained on-line using the expressions in
Table 2 and the available signals »i and Â0. Because the choice of
the modulationfunctionssatisfyingthe inequalitiesin Table2 is only
suf� cient for stability in the closed-loop system, a practical way is
to choose an overestimatedvalue of bound Ngi in the computationof
the modulation functions, by observing simulated responses of an
approximate aeroelasticmodel for a set of initial conditions.A sim-
pli� ed relay VSMRAC law is obtained when modulation functions
are replaced by appropriate constants satisfying the conditions of
Table 2.

It is noted that for the aeroelastic system, it is desired to regulate
h and ® to zero. Thus, one sets r D 0 in the referencemodel for gen-
erating a command input ®m.t/ converging to zero. The VSMRAC
law accomplishes regulationof pitch angle to zero. When the pitch
angle is zero, the nonlinear functionkn® .®/ vanishes.Setting ® D 0
and eliminating ¯ in Eq. (5), the evolution of h is described by
the zero dynamics of the system represented by a linear differential
equation given by

.d21.s/cl¯ C d11.s/bcm¯/h D 0

which implies that

Z p.s/h D 0

Because Z p.s/ is assumed to be Hurwitz, it follows that h.t/ ! 0
exponentially. Thus, in the closed-loop system the VSMRAC law
accomplishesregulationof the state vector.h; ®; Ph; P®/T to theorigin
in the state space.

Plunge Motion Control
For the plunge motion control, the output variable chosen is the

plunge displacement y D h. In this case the input ¯–output h map
is described by

h D ¡ d22.s/1¡1.s/cl¯ C d12.s/1¡1.s/bcm¯
½bU 2¯

¡d121
¡1.s/kn® .®/

D G p2 .s/ ¯ C Wd2.s/kn® .®/ (27)

where

G p2 .s/ D ¡ d22.s/cl¯ C d12.s/bcm¯
1¡1.s/½U 2b

4D kp2

Z p2 .s/

Rp.s/

and

Gd2 .s/ D ¡
Rp.s/d12.s/1¡1.s/kn®

.®/

kp2 Z p2 .s/
(28)

The monic polynomial Z p2 of second degree is easily computed
from Eq. (27). The high-frequencygain kp2 is given by

kp2 D
¡½bU 2 I®cl¯ C b2cm¯

mx®

m I® ¡ m2b2x2
®

The control input ¯ is de� ned as

¯ D sgn.kp2 /u

where u is a new input. For the derivation of the VSMRAC, it is
assumed again that G p2 .s/ is minimum phase. The derivation of
the control law is done in a similar manner as described in the
preceding section and, therefore, is not repeated here. The control
algorithm is obtained from Table 2 by replacing the pitch angle
tracking error by e0 D h ¡ hm , where hm is the reference plunge
displacementtrajectory.In this case,modulationfunctions fi depend
on ®. Overestimatedconstantmodulationsare used for the synthesis
of the controller. Of course, the lower bounds of the modulation
functions have different expressions, which are derived following
the steps outlined in the preceding section.

Here hm .t/ is a reference trajectory converging to zero generated
by the reference model of Eq. (10) with r D 0. The VSMRAC

accomplishes tracking of hm .t/ and regulation of h.t/ to zero. In
the closed-loop system, when h.t/ ´ 0, it is seen from Eq. (3) that
the zero dynamics are described by

d12.s/® D ¡½U 2bcl¯ ¯

(29)
d22.s/® D ½U 2b2cm¯

¯ C kn®
.®/

Eliminating ¯ , the nonlinear zero dynamics are given as

bcm¯
d12.s/ C cl¯ d22.s/ ® ¡ cl¯ kn® .®/ D 0 (30)

Because, by assumption, G p2 .s/ in Eq. (28) is minimum phase, in
view of Eq. (27), the polynomial

n p.s/
4D bcm¯

d12.s/ C cl¯ d22.s/

is Hurwitz. Substituting the expressions for d12 and d22, it easily
follows that n p.s/ is Hurwitz if and only if

U 2b2½ cl® cm¯
¡ cm®

cl¯ C k®0 cl¯

kd2
> 0

(31)
c®cl¯ C b3½U .0:5 ¡ a/ cm¯

cl® ¡ cm®
cl¯

kd2
> 0

where

kd2 D I®cl¯ C b2mx®cm¯

For the values of parameters in Table 1, kd2 is positive. It is easily
veri� ed that for ¡1 < a · ¡0:5 C .cm¯

=cl¯ / D ¡0:6891;

cl® cm¯
¡ cm®

cl¯ ¸ 0 (32)

and both the inequalities in Eq. (31) hold for all values of U . But for
¡0:6891 < a < 0, these inequalities in Eq. (31) are satis� ed only
if the velocity U satis� es

U < min ¹¤k®0

1
2 ; c®¹¤[b.0:5 ¡ a/]¡1 (33)

where ¹¤ D cl¯ =[b2½.cm®
cl¯ ¡ cl® cm¯

/]. The stable region in the
a–U plane satisfying Eq. (33) is shown in Fig. 3. Note that for
¡1 < a · ¡0:6891, the zero dynamics are stable for any U , and in
Fig. 3, U tends to in� nity as a tends to ¡0:6891 from the right.

For minimum phase G p2 , the equilibrium point .®; P®/ D 0 of
Eq. (30) is locally exponentially stable. This implies that as the
VSMRAC accomplishes regulation of h.t/ to zero, the pitch angle
trajectory,which remains in a small neighborhoodof the origin, also
tends to zero asymptotically. It is evident from the zero dynamics
equation (30) that, in this case (unlike pitch angle control), one
expects somewhat complex dynamic behavior of the pitch angle.

Fig. 3 Region in a–U plane for stable zero dynamicsfor plungecontrol.
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Simulation Results
In this section, numerical results for the pitch angle and plunge

motion control are presented. The closed-loop system equation (1)
with the controller of Table 2 is simulated. The parameters of the
system are given in Table 1. Simulation is performed for different
values of a and U . The transfer function of the command generator
is chosen as

Wm D ¸2

.s C ¸/2

to obtain exponentially decaying command trajectories. The initial
conditions selected are h.0/ D 0:01 m, ®.0/ D 5:73 deg, and
.Ph.0/; P®.0// D 0. The initial conditions of the command generator
are set as ®m.0/ D ®.0/; P®m.0/ D 0 for the pitch angle control and
hm .0/ D h.0/; Phm.0/ D 0 for the plunge motion control. The value
of modulation functions fi , the boundary-layerthickness ±, and the
parameter ¿ of the averaging � lter are selected after several trials
by observing the simulated responses.For simulation, it is assumed
that j¯j · 20 deg and ¯ is set to its limiting values whenever
it exceeded the prescribed limits. The maximum tracking error is
denotedas eom . Figure 4 shows the responseof the open-loopsystem
.¯ D 0; a D ¡0:4, and U D 15 m/s). For the uncontrolled system,
® and h undergo persistent periodic oscillations.

Fig. 4 Response of uncontrolled system.

a) Pitch angle ® and ®m c) Control input ¯

b) Tracking error e0 = ® ¡ ®m d) Plunge displacement h

Fig. 5 Pitch angle control, a = ¡ 0.4 and U = 15 m/s.

Case A1
For case A1, the closed-loop system for a D ¡0:4 and U D 15

m/s is simulated. The controller parameters are selected as ¸ D
0:4; f0 D f1 D 500; knom D 30; ¿ D 0:001, and ± D 0:5. The re-
sponsesare shown in Fig. 5. We observesmoothpitch angle tracking
control in about 18–20 s. Because the G p1 .s/ is minimum phase,
plunge displacementalso convergesto zero.The maximum tracking
error .® ¡ ®m/ is 1.3 deg.

Case A2
Simulationis done for themodel of case A1, buthigher freestream

velocity U D 20 m/s is assumed. Because responses are somewhat
similar to those in Fig. 5, these resultsare not shown here. Inasmuch
as the controleffectivenessmatrix is larger, small control input (less
than 13 deg is required in this case. The maximum error eom is less
then 0.6 deg.

Case A3
Simulation is done for the model of case A2, but a different value

of a D ¡0:45 is chosen. The selected response is shown in Fig. 6.
Although, a larger tracking error compared to case A2 (about 3.3
deg) is observed, regulation of both the pitch angle and the plunge
displacement to zero is accomplished.

Fig. 6 Pitch angle control, a = ¡ 0.45 and U = 20 m/s.
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a) Plunge displacement h and hm c) Control input ¯

b) Tracking error e0 = h ¡ hm d) Pitch angle ®

Fig. 7 Plunge motion control, a = ¡ 0.68 and U = 15 m/s.

a) Plunge displacement h and hm b) Control input ¯ c) Pitch angle ®

Fig. 8 Plunge motion control, a = ¡ 0.75 and U = 15 m/s.

Case B1
The closed-loopsystemforplungemotioncontrolwith a D ¡0:68

andU D 15 m/s is simulated in which the controllergiven in Table 2
with e0 D h ¡ hm is synthesized. The controller parameters are
chosen to be ¸ D 0:8; knom D 6; f0 D f1 D 500; ¿ D 0:001,
and ± D 0:5. The model parameters are chosen as a D ¡0:68
and U D 15 m/s such that the zero dynamics are stable. For these
values, the transfer function G p2 .s/ is minimum phase. Responses
are shown in Fig. 7. The plunge displacement smoothly follows the
command trajectory and converges to zero. The response time for
h is quicker because a faster command generator .¸ D 0:8/ has
been used. Because the zero dynamics are nonlinear,oscillatorybut
convergent ® response is observed in this case.

Case B2
Simulation is done using the model of case B1, but the speed U

is increased to 20 m/s. A smaller control input (less than 18 deg)
and tracking error e0 D .h ¡ hm / (less than 2:1 £ 10¡3 m) are ob-
served. The state vector asymptotically converges to zero. Because
the responses are somewhat similar to those of case B1, case B2
responses are not shown.

Case B3
The model of case B1, with a D ¡0:75 and U D 15 m/s, is

simulated.For this valueof a, the zero dynamicsare stable.Selected
responses are shown in Fig. 8. Again convergent responses for the
pitch and plunge motion are observed. Compared to case B1, the
tracking error is relatively small (less than 2:1 £ 10¡3 m).

Conclusions
Active control of an aeroelasticsystem is presented.Based on the

variable structure adaptive model reference control theory, control
systems for pitch angle and plunge displacement trajectory control
are derived. Interestingly, for the synthesis of the control systems,
only the tracking error is required, and the knowledge of system
parameters and the nonlinear model structure is not assumed. This
is an important feature because the nonlinear stiffness of model is
dif� cult to model. In the closed-loopsystem, tracking error asymp-
totically tends to zero, and the state vector is regulated to the origin.
Simulation results are presented that show that, in the closed-loop
system, precise trajectory control of pitch angle and plunge dis-
placement is accomplished. Furthermore, it is seen that regulation
of the state variables to the origin is accomplished in spite of the
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unmodeled structural nonlinearities and parameter uncertainties in
the aeroelastic model.
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